An edge labeling of a connected graph G = (V, E) is said to be local antimagic if it is a bijection f : E → {1, . . . , |E|} such that for any pair of adjacent vertices x and y, f + (x) = f + (y), where the induced vertex label f + (x) = f (e), with e ranging over all the edges incident to x. The local antimagic chromatic number of G, denoted by χ la (G), is the minimum number of distinct induced vertex labels over all local antimagic labelings of G. In this paper, we give counterexamples to the lower bound of χ la (G ∨ O 2 ) that was obtained in [Local antimagic vertex coloring of a graph, Graphs and Combin., 33 : 275 -285 (2017)]. A sharp lower bound of χ la (G ∨ O n ) and sufficient conditions for the given lower bound to be attained are obtained. Moreover, we settled Theorem 2.15 and solved Problem 3.3 in the affirmative.
Introduction
A connected graph G = (V, E) is said to be local antimagic if it admits a local antimagic edge labeling, i.e., a bijection f : E → {1, . . . , |E|} such that the induced vertex labeling f + : V → Z given by f + (x) = f (e) (with e ranging over all the edges incident to x) has the property that any two adjacent vertices have distinct induced vertex labels. The number of distinct induced vertex labels under f is denoted by c(f ), and is called the color number of f . The local antimagic chromatic number of G, denoted by χ la (G), is min{c(f ) : f is a local antimagic labeling of G}.
For any graph G, the graph H = G ∨ O n , n ≥ 1, is defined by V (H) = V (G) ∪ {v i : 1 ≤ i ≤ n} and E(H) = E(G) ∪ {uv i : u ∈ V (G)}. In [1, Theorem 2.16] , it was claimed that for any G with order m ≥ 4,
In Section 2, we give counterexamples to the above lower bound for each m ≥ 3. A sharp lower bound is then given. Moreover, sufficient conditions for the above lower bound to be attained are also presented. In Section 3, we settled [1, Theorem 2.15] and solved [1, Problem 3.3] in the affirmative.
Counterexamples and sharp bound
In [3] , the authors introduced the concept of Cartesian magicness as a natural extension of magic rectangles to a 3-dimensional board. It was shown that a (p, q, r)-board is Cartesian tri-magic if and only if χ la (K(p, q, r)) = 3. From [3, Theorems 4.7, 4.9, 4.10, 4.12], we have Theorem 2.1. The (2, 2, r)-board is Cartesian tri-magic for all r ≥ 1.
Theorem 2.2. The (1, 2, r)-board is Cartesian tri-magic for all r ≥ 1.
Thus, χ la (K(2, 2, r)) = χ la (K(1, 2, r)) = 3 for all r ≥ 1. Observe that K(2, 2, r) = K(2, r) ∨ O 2 with χ la (K(2, r)) = 3 for odd r [1, Theorem 2.12]. Moreover,
Obviously, χ la (K(1, r)) = r + 1, r ≥ 2. Proof. It is obvious that for n ≥ 1, we have
In [4] , the authors obtained that for h ≥ 2, k ≥ 1, χ la (C 2h ∨ O 2k ) = 3 and χ la (C 2h−1 ∨ O 2k−1 ) = 4. Since χ(C 2h ) = 2 and χ(C 2h−1 ) = 3, the bound is sharp.
Thus we have proved the sufficiency of the following conjecture.
In [1] , we have for m ≥ 2, χ(C 2m−1 ) = χ la (C 2m−1 ) = 3 = χ la (C 2m ) and χ(C 2m ) = 2. This provides a supporting evidence that the conjecture holds.
For a, b ∈ Z and a ≤ b, we use [a, b] to denote the set of integers from a to b. For m, n ≥ 2, it is well known that a magic (m, n)-rectangle exists if and only if m ≡ n (mod 2) and (m, n) = (2, 2) (see [2, 5] ). Let a i,j be the (i, j)-entry of a magic (m, n)-rectangle with row constant n(mn + 1)/2 and column constant m(mn + 1)/2. The following theorems partially answer Conjecture 2.1.
Suppose f is a local antimagic labeling of G that induces a t-coloring of G.
It is clear that g is a bijection such that
(ii) Suppose m ≥ n 2 /2 and n ≥ 4. We proceed to show that g
In either case, g is a local antimagic labeling that induces a (t + 1)-coloring of G ∨ O n . Hence,
Hence, we may assume that m > n.
, we have g + (u i ) > g + (v j ). This means g is a local antimagic labeling that induces a (t + 1)-coloring of G∨O n . Hence, χ la (G∨O n ) ≤ χ la (G)+1. Since χ la (G∨O n ) ≥ χ(G∨O n ) = χ(G)+1 = χ la (G)+1, the theorem holds. In [1, Theorem 2.15], the authors show that 3 ≤ χ la (W n ) ≤ 5 for n ≡ 0 (mod 4). We now give the exact value of χ la (W n ). For k ≥ 3, we consider the following two tables. Table 1 . Table 2 . (iv) in Table 1 , all integers from column C 1 to C k , and from C k+1 to C 2k of each row form an arithmetic progression;
(v) in Table 2 , all integers from column C 1 to C k+1 , and from C k+2 to C 2k of each row (or from C k+3 to C 2k for row 1 and row 3) form an arithmetic progression.
Consider the following three sequences obtained by taking the first two entries of a particular column of Table 1 and the first two entries of a particular column of Table 2 alternately. Both entries taken are written in ordered pair respectively.
For even k, we have Here, sequences (a) and (b) are of length k and sequence (c) is of length 2k. Observe that T = (a) + (b) + (c) is a sequence of 4k ordered pairs with every integers in [1, 4k] appearing exactly twice, once as the left entry of an ordered pair and once as the right entry of another ordered pair. Therefore, taking the left entry of every ordered pair gives us a sequence S with 4k distinct integers in [1, 4k] . Define, f :
) be the value in row 3 of the column that corresponds to the i-th entry of S. For 1 ≤ j ≤ 2k, since all the (2j − 1)-st ordered pairs of T are from Table 1 and all the 2j-th ordered pairs are from Table 2 , we now have f + (u 2j ) = 11k + 1 and f + (u 2j−1 ) = 9k + 2. Moreover, f + (v) = (4k + 1) + · · · + (8k) = 12k(12k + 1). Thus, f is a local antimagic labeling of W 4k with c(f ) = 3.
For odd k, we shall have different sequence (a) and sequence (b) as follows.
(a) (1, 3k), (3k, 5), (5, 3k−2), (3k−2, 9), (9, 3k−4), (3k−4, 13), . . ., (2k−5, 2k+3), (2k+3, 2k−1);
(b) (2k−1, 2k+1), (2k+1, 2k+2), (2k+2, 2k−3), (2k−3, 2k+4), (2k+4, 2k−7), (2k−7, 2k+6), . . ., (3k − 3, 7), (7, 3k − 1), (3k − 1, 3), (3, 3k + 1).
Here, sequences (a) and (b) are of length k − 1 and k + 1, respectively. By an argument similar to that for even k, we also can obtain a local antimagic labeling f of W 4k with c(f ) = 3 such that f + (u 2j ) = 11k + 1 and f + (u 2j−1 ) = 9k + 2 for 1 ≤ j ≤ 2k, and f + (v) = 12k(12k + 1). Since χ la (W 4k ) ≥ χ(W 4k ) = 3, the theorem holds. Then we have the sequence T :
(a) (1, 9) , (9,5);
(b) (5,7), (7,8), (8,3), (3,10);
(c) (10,6), (6,2), (2,12), (12,4), (4,11), (11,1). S = {1, 9, 5, 7, 8, 3, 10, 6, 2, 12, 4, 11}. Hence we have the following labeling: In [1, Problem 3.3], the authors also asked:
Problem 3.1. Does there exist a graph G of order n with χ la (G) = n − k for every k = 0, 1, 2, . . . , n − 2?
The following results are needed to answer Problem 3.1.
Theorem 3.2 ( [4]
). Let G be a graph having k pendants. If G is not K 2 , then χ la (G) ≥ k + 1 and the bound is sharp.
For m ≥ 2, t ≥ 1, let CT (m, t) be the coconut tree obtained by identifying the central vertex of a K(1, t) with an end-vertex of a path P m . Note that CT (2, t) = K(1, t+1) with χ la (K(1, t+1)) = t + 2. Moreover, CT (m, 1) = P m+1 . (ii) f (e i ) = m − i/2 for even i,
It is easy to verify that f is a bijection with f + (x j ) = m + j − 1 for 1 ≤ j ≤ t, f + (v m ) ≥ 2m + 1, f + (v 1 ) = 1, f + (v i ) = m + 1 for even 1 < i < m and f + (v i ) = m + 2 for odd 1 < i < m. Thus, f is a local antimagic labeling that induces a (t + 2)-coloring so that χ la (CT (m, t)) ≤ t + 2. By Theorem 3.2, we know that χ la (CT (m, t)) ≥ t + 2. Hence, χ la (CT (m, t)) = t + 2. Proof. By definition, k ≥ 0 and n ≥ 3. Suppose n ≥ k + 3 ≥ 3. Let G = CT (m, t) of order n = m + t ≥ 3. For t ≥ 1, we have that χ la (CT (m, t)) = t + 2 = n − (m − 2). Letting m − 2 = k, we have χ la (CT (k + 2, n − k − 2)) = n − k. Thus, for every possible 0 ≤ k ≤ n − 3, there is a graph G of order n such that χ la (G) = n − k. This proves the sufficiency. We prove the necessity by contrapositive. Suffice to assume n = k + 2. It is routine to check that there is no graph G of order n = 3, 4, 5, 7 such that χ la (G) = n − k = 2.
